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Abstract

Purpose of research. Pandemic of 2019 has greatly altered human life and affected economies worldwide by increas-
ing death rates. The relevance is understanding and controlling the spread of infections is vital to minimizing its effects.
The purpose of the research investigation is to plug spatial dependence into the traditional SIR model to extend its
usefulness in modeling the propagation process of the virus.

Methods. The methodology is to develop of a mathematical model to represent the pandemic spread as a traveling
wave phenomenon. Analysis of the wave speed of the model is made as appropriate as well as the several numerical
methods it applied in obtaining solutions. The new variable to the infected population equation is used along with
variable transformation techniques and linearization in deriving analytical solutions and then computing and analyzing
the wave speed associated with infection spread.

Results confirmed the previous outcomes generated by time-dependent models’ analysis that the prime determinant
of disease dissemination is the infection-to-recovery rate. It is shown that either transmission coefficient decreases or
the recovery rate increases slows down the spread of the disease.

Conclusion. As a conclusion, the best possible way to curb its exposure is by minimizing interpersonal interaction
(reduction of beta) or by expediting patient recovery and segregation (increase in alpha). It reduces the wave speed
parameter q, which controls the rate of propagation of the disease.

Keywords: pandemic dynamics; traveling waves;, mathematical modeling; SIR model; spatial dependence; wave
speed; epidemic control strategies.
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Pestome

Uenb uccnedoeaHusi. lMaH0emus 2019 20da 3Ha4yumeibHO U3MeHUra XU3Hb fiiodell U 0Ka3ara e/usiHue Ha Muposyro
SKOHOMUKY, y8€eru4u8 ypo8eHb CMepmHocmv. AKmyarnbHOCMb uccnedosaHus 3aKiryaemcs 8 moM, Ymo rMoHUMaHue
U KOHMPOJib 3a pacrnpocmpaHeHueM UHpeKyul umeom pewaroujee 3HaqyeHue 0r1s MUHUMU3auyuu ux nocrnedcmaud.
Llenb OaHHO20 uccrnedogaHuUsi — BKIIOHYUMb MPOCMPAaHCMBEHHY 3a8UcUMOCmb 8 mpaduyuoHHyro modesnb SIR,
umobbi pacwupums €€ npumeHUMocms 07151 MoOOenupoeaHus rpouecca pacrpocmpaHeHus supyca.

Memodsi. Memodornozus uccrnedosaHusi ocHo8aHa Ha pa3pabomke MameMamuyeckol Modesu, onuckligarowel pac-
npocmpaHeHue naHdemMuu Kak siereHue beayueli 80sHbl. B pabome nposodumcsi aHanu3 cKkopocmu 80J/1HbI 8 MOOenu,
a makxe UCrosb3yomcsi pasfuyHble YUCeHHble MemoObl 0715 MofyYeHuUs: peweHul. Hoebil nepemeHHbIl YnieH 0o-
basnissiemcs 8 ypagHeHue Orisi UHGUUUPOBaHHO20 HaceneHus, U C MOMOWbI0 Memo0o8 npeobpa3osaHusi NepeMeHHbIX
U nluHeapu3ayuu 8bigodsimcesi aHanumuyeckue peweHus. locre 3moeo 8bI4UCAemCs U aHanu3upyemcsi CKopocma
8011HbI, C8513aHHasi C pacrnpocmpaHeHueM UHgeKyuU.

Pesynbmamasi nodmeepousiu npedbidyujue 8b1800bl, MOMyHYEHHbIE U3 aHanu3a epeMeHHbIX Modersiel, Ymo OCHOBHbLIM
gakmopom, onpedensowum pacrpocmpaHeHue 60m1e3HuU, S8/19emcsi OMHOWeEHUE CKOPOCMU UHGhULUPOB8aHUS K CKO-
pocmu ebi30oposrieHusi. [lokazaHo, YmMO CHUXeHUe KoaghghuyueHma nepedayu umnu yeesuyeHue CKopocmu 8bi300-
poerneHusi 3amedrnsiem pacrnpocmpaHeHue 3ab0/1e8aHUSsI.

3akntroyeHue. Hauny4dwum criocobom coepxxusaHUsi pacrpocmpaHeHus supyca S6s1emcs MUHUMU3aUUST MEXIIuY-
HOCMHbIX KOHMAaKMOo8 UJU YCKOpeHUe 8bI300p08/IeHUsI U U301UyuU nayueHmos. 9mo rnpueodum K CHUXEHUIO napa-
Mempa CKopocmu 80J1HbI §, KOMOPbIU yrpasnsem CKOpoCMbH pacrnpocmpaHeHusi 60me3Hu.

Knrodeenble crnoea: duHamuka naHoemuu, bezyujue 8oslHbI; Mamemamuyeckoe ModenupogaHue; modenb SIR; npo-
cmpaHcmeeHHasi 3a8UCUMOCMb,; CKOPOCMb 80/1HbI; cmpameauu KOHmpors anudemudl.

QPuHaHcupoeaHue: [JaHHas paboma bbina 8bInosiHeHa 8 pamkax rpoepammbi «[Tpuopumem 2030» Ha 6a3e benezo-
podckoeo 2ocydapcmeeHHO20 MexHOI02u4ecKko20 yHugepcumema umeHu B. I. LLlyxoea. Paboma bbina ebinosiHeHa
¢ ucrnonb3o8aHuem obopydosaHus LleHmpa ebicokux mexHonoeauli BI'TY umeru B. I. Lllyxosa.

HaHHasi paboma 6bina ebirnoniHeHa 8 pamkax npoekma FZWN-2025-0002 Ha 6a3e beneopodckozo eocydapcmeeH-
HO20 mexHonoau4yeckoeo yHusepcumema umeHu B. I. Lllyxoea. Paboma 6bina 8binosHeHa ¢ ucnons3oe8aHuem 0bo-
pydoesaHusi LieHmpa ebicokux mexHonoaul bI'TY umenru B. I'. LLlyxoea.

KoHgpnnukm uvmepecoes: Aemopbl Oeknapupyrom omcymcmeue S8HbIX U MomeHyuaibHbIX KOHQIUKMO8 UHmepe-
co8, ces3aHHbIX ¢ nybnukayuel Hacmosweld cmamau.
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matemaTundeckas mogens // N3Bectusa KOro-3anagHoro rocyaapctBeHHOro yHusepcuteta. Cepus: YnpaeneHue, Bbl-
yncnuTenbHas TexHuka, WHgopmaTtuka. MeguumHckoe npubopocTpoeHmne. 2025. T.15, Ne1. C. 170-179.
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Introduction

The waves in the context of the pan-
demic are one of a wave of illness spreading
and moving through a population. Mathe-
matically, a wave is something that propa-
gates with a constant shape and moves with
a constant speed. The solution of this form
is called a travelling wave solution. This
traveling wave solution appears in our mod-
els by adding spatial dependence. In other
words, we want to allow people to move
around within our model and our epidemic
scenario. In the SIR model, we only have
time dependence for our three S, I and R
variables, we can see this because we had
only a time derivative. So, when we look at
how those populations changed over time.
We want to allow populations to also
change in space because people might be
moving around. What we’re doing is creat-
ing a slightly more realistic model.

Pandemics have been defining mo-
ments throughout history, shaping human
civilization and leaving indelible marks on
societies, economies, and healthcare sys-
tems [1]. These global outbreaks of infec-
tious diseases transcend borders and impact
populations on a massive scale [2]. The dy-
namics of pandemics are complex, influ-
enced by factors such as the virulence of the
pathogen, speed of transmission, popula-
tion density, healthcare infrastructure, and
societal behaviors. Infectious diseases can
spread rapidly through populations, fueled
by global travel, urbanization, and intercon-
nectedness [3].
have been

Mathematical models

widely used to study epidemics, including

*k%k

seminal works such as the SIR model intro-
duced by Kermack and McKendrick. These
models consider key concepts such as sus-
ceptibility, infectivity, and recovery rates to
understand disease transmission dynamics
[4]. They have been applied to real-world
scenarios to make predictions and inform
public health interventions. For example,
mathematical modelling has been used to
control the spread of diseases, manage re-
sources, and make decisions in sports [5].
Deterministic and stochastic models have
been employed, with computer simulation
models being used for more complex sce-
narios [6]. Mathematical modelling sys-
tems aim to assess the effectiveness of epi-
demic control measures, analyze risks, and
estimate economic damage [7].

Spatial dependence and traveling wave
solutions have been explored in several
studies to extend classical epidemic models
and understand the spatial spread of dis-
eases within populations. These studies
have investigated the theoretical founda-
tions of travelling wave models and their
relevance in capturing the dynamics of epi-
demics. For instance, [8] investigated a
nonlocal dispersal epidemic model with
multiple nonlocal distributed delays and
nonlinear incidence effects, defining the
minimal wave speed and basic reproduction
number to determine the existence of trav-
elling wave solutions. Similarly, [9] used the
method of travelling wave solution to trans-
form partial differential equations into ordi-
nary differential equations and derived solu-
tions for infectious wave velocity and hyper-
geometric function in a spatial SIR model.
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Mathematical models, including those
incorporating travelling waves, have been
utilized in public health research and pol-
icy-making. These models have been ap-
plied to inform interventions, vaccination
strategies, and pandemic preparedness. For
example, [10] discuss the frameworks and
perspectives adopted for modelling infec-
tious diseases using mathematical model-
ling. They highlight the methodology, tac-
tics, and interconnections of these ap-
proaches. Review epidemiological net-
work models, which have been used to ex-
plain COVID-19 and provide a sufficiently
accurate approximation for policymakers to
determine actions needed to curb the chal-
lenges and limitations associated with the
mathematical modelling of epidemics in-
cluding uncertainties in parameter estima-
tion, simplifying assumptions, and the need
for real-time data for accurate predictions.
Future directions for research and develop-
ment in the field of pandemic dynamics and
mathematical modelling include exploring
emerging technologies, interdisciplinary
approaches, and novel methodologies to en-
hance our understanding of disease spread
and inform public health responses [11].
Numerous lectures, hosted by the Oxford
University Department for Continuing Ed-
ucation, have explored the dynamics of the
SIR model, which researchers have utilized
in this paper [12].

Materials and methods

Our starting point would be the same
SIR model. We had three different equa-
tions, or we had three compartments of our
population. We have S for susceptible,
those who still catch the disease. We had 1
for infectives who are currently having the

disease and spreading it through the popu-
lations, and R for the recovered category
which are those who have caught the dis-
ease and either died or recovered and are
now immune [13; 14; 15]. The model gave
us three differential equations for each of
the three population’s parts:

ds
- 1
7 rSi, (1)
dl
= — 2
It rSI — al, 2)
dR
 —al 3
o al 3)

Since we are introducing spatial de-
pendence to our original SIR model, we
need additional assumptions that explain
how people interact with the space around
them [16; 17]. Our first assumption is that
these susceptible populations are not going
to move, that is mean in the context of the
current COVID-19 outbreak we can think
of this assumption as saying that people
susceptible to the disease stay at home [16].
The second assumption is going to be the
movement of the infective migrate at a con-
stant rate [ 18]. The third assumption is once
people are in the removed population, they
again don’t move [19]. In summary, spatial
dependence is focused on the infectives be-
cause the suspectable stay at home and
don’t move, and the removed population
also doesn’t move, we are interested in how
the disease can infect others, who are going
to migrate and spread the disease through
the population. What this means for our
equation is that we have an additional term

: .l ..
in the second equation = from the original

SIR model. So, we add in term D which is
the constant rate of diffusion, and then the
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way to model the diffusion mathematically

i1s with a derivative, so we have a second
derivative. So, equation (2) becomes

2

%=r51—a1+0%. 4

Because our population depends on

both time and space, this is why we have

partial derivatives. All derivatives have to

be converted into curly letter 0:

aS

— = —rSI, (5)
ot |
o _ SI—al+D Gl (6)
ac ¢ 9x?
oR
— =al. (7)
ot ¢

This is what signifies that it’s a partial
derivative of functions of our variables S, /
and R, which are now depending on both
time and space. To begin analyzing the
equation, we have to do something called
nondimensionalization to take all of the
constants that are in our equations and com-
bine them in such a way that we get one key
parameter. And when we do this, we actu-
ally see that the parameter that appears is
reproductive number R,. The basic repro-
ductive number gives the number of sec-
ondary infections that expect to happen in
average in the population from a single pri-
mary infection. In other words, is the num-
ber of people that we expect one infected
individual to pass the disease onto, and we
define this mathematically as R, = S,q,
q = r/a, where q is the fraction of the pop-
ulation that comes into contact with an in-
fected individual during their period of infec-

tiousness. As well as nondimensionalizing

we can use a second mathematical trick
which is to change variables. At the mo-
ment we have S, /, and R which all depend
on time ¢ and space x. What we would be
going to do is to create a new variable called
y, then we would convert these equations
(5), (6) and (7) into differential equations
just involving this one new variable which
is given by

y=x—ct (8)

Where c is t is a constant.

This change would really simplify our
set of equations:

ds
0=c——1IS, 9)
dy
d?1 dl 1
_ al L (10)
0 dy2+cdy+1(s Ro>

Equations have changed quite dramat-
ically, so we no longer have derivatives in
terms of x and t with partial derivatives. We
have gone back to full derivatives in terms
of single variable y. As we need now to
solve differential equations, we need some
boundary or initial conditions. What [/
would do here is go backwards in time to
before the start of the epidemic. So, we let
time in equation (8) go to (—) which means
going back into the past, then y in the same
equation is going to go to plus infinity be-
cause of the minus sign between x, t.

The number of infections must go to
zero because this is before the disease ever
existed in the population. Also, the suscep-
tible must go to its initial value where it is,
but we’ve done a nondimensionalization,
what we have actually done is convert our /
and S from being full population numbers
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into being population ratios or a proportion
of specific given population, so that S to go
back to initial susptables population S, in
the nondimensional model, that’s mean S
must be go to 1:

Ast - —oo (Past) theny —

+oothenl - 0,S - 1. (11)
We can also think about what we ex-
pect to happen in the future. So, the future
here is when we let time ¢ go to infinity and
that would make y go to minus infinity, so
if y goes to (+0), then the outbreak must
have passed so really far down in the future
the disease has come in its spread through
the population and now I’s disappears once
again, so infectives must go to zero.

As t - +oo (Future)theny —
—oothenl - 0 (12)

We don’t know the value of S in the fu-
ture yet.

The first question that we might want
the answer is going to be how fast the dis-
ease 1s going to spread through the popula-
tion. Because we are now picturing the dis-
ease as a wave propagating through the
population and spreading the illness. We
can calculate the speed of the spread of the
disease in our outbreak. The question would
be what is the wave speed? To answer the
question, we would use a mathematical tool
called linearization, in which we would use
the value of S in the past as an approxima-
tion, so that S = 1 — P, where P is a small
value (an approximation), and then because
we are linearizing S =1 — P is telling us
that we want to substitute it in our equations
(9) and (10) and ignore any term which are
P squared and higher, this will result a set
of equations below:

dP
0=—c—-1, (13)
dy
0= d1+1(1 1)
- dy? Cdy R, ) (14)

These equations (13) and (14) might
not look necessarily any simpler. It is now
in a form that allows us to use another math-
ematical tool called Phase plane analysis.
Applying phase plane analysis to equations
(13) and (14) tells us that traveling wave so-
lutions exist, then we must have

c<2 /(1—R—10). (15)

This expression is the minimum possi-
ble wave speed for there to be a travelling
wave solution to exist.

The minimum required wave speed for
traveling wave solutions to exist, but typi-
cally the wave speed itself is given by

c=2 ’(1—%). (16)

So, the value of C in our change of var-
iable formula (8) is actually the speed of the
travelling wave, and therefore is the speed
of the spread of the disease as it is propa-
gated through our population.

In any epidemic, in particular for the
current COVID-19, we want to make the
speed (C) of the disease spread as small as
possible, we want to slow down the propa-
gation of the disease, and looking to the for-
mula (16) we can make C small by making
R, also small. If C goes negative which
would happen if R, was small enough. This
actually can’t happen in the case of an epi-
demic which is what we are considering
here, because in our first basic SIR, an epi-
demic will occur when R, is greater than 1.
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So, the absolute smaller value that R, can
be is one and when substituting R, = 1 in
equation (16) would give C,. So, we should
keep R, as low as possible to lower the
speed of the spread of the disease. The min-
imum value we can get it down to is just
above one, to do that, we look at the for-
mula R, = S,q and see that the only thing
we can control here is the contact ratio g
since the number of susptables is fixed. To
lower the contact ratio ¢ we need to wash
our hands all the time and stay at home as
much as possible and if we have to go out-
side, we have to minimize the number of
contacts through social distancing.
Another question we might want to an-
swer is what the severity of the epidemic is,
or what is the value of Send which is in our
boundary conditions in equation (9)

d o .
IS =c d—j and substitute it in equation (10).

We would have all the terms have y deriva-
tives, so we can integrate the whole equation
resulting expression contain just / and S:

dl 1
E+ Cl+C (S — R—OlnS> = constant. (17)

5end

To calculate the value of constant we
have to use our initial boundary conditions
in(11).

The number of susceptibles left at the
end of the outbreak, therefore knowing the
severity of the epidemic we need to let time
go to infinity and therefore go to the future
(12), this yield

1
Sena — R—ln(Send) = 1. (18)

o

Results and their discussion

As we have seen earlier, the best way
to deal with equation (18) equation is to plot
a graph. At first, we have to think about the
range of values the S..« and R, can take. So,
because we were considering this non-di-
mensionalized model, this means that S'is a
proportion of the initial susceptible popula-
tion, and so it can only vary between zero
and one. Whereas R, according to equation
(16) depicts traveling wave speed that
R, should be greater than one for the epi-
demic to occur in the first place, and as we
are modeling the spread of the epidemic,
this means that R,, is also must be bounded
by one.

RQ:SQ q
q=r/a

y=x-Cc.t

Fig. 1. Relation between Send and Ro
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When plotting the graph for equation
(18), what we see is a curve rapidly decreas-
ing, so the maximum value when (Senq, Ro)
equals (1,1). When send equals, one means
that nobody caught the disease, we can also
notice that the values of Se.s are going to
decrease as R, goes bigger.

So, to go back to our question, what is
the severity of the epidemic, the total num-
ber of people who catch the disease would
be lower if the number of people unaffected
or the number of susceptibles left at the end
is as large as possible. So, we want to make
Sena as big as possible by varying R, which
means R, would be close to one as much as
possible which can be done by reducing the
contact ratio g.

Conclusions

Using the traveling wave model for the
spread of the disease, we’ve been able to
derive an equation for the wave speed C in
equation 16, which is the speed at which the
disease would spread through the popula-
tion. Also, we have been able to get an ex-
pression in equation (18) which determines
the number of susceptible people left at the
end of the outbreak. To minimize the sever-
ity and the impact of an outbreak such as
COVID-19, we need to lower the wave
speed as much as possible to make the dis-
ease spread as slowly as possible to give us
more time to come up with measures to

come up with solutions to combat it such as
vaccines. To do this, we have to make R, as
small as we can where the lower bound for
R, is 1, to take R, to one we have to remem-
ber the formula R, = g. So, to make R, small
we need to minimize q to reduce the speed
of the spread of disease. And for the second
question about the severity of the epidemic
equation (18) for the susceptible at the end,
we want to make se.s as large as possible,
because the number of the susceptible that
remain after the outbreak tells us the num-
ber of people who have been unaffected by
the disease so they haven’t caught the dis-
ease, this can be done according to the fig-
ure 1 by reducing R, approaches to one.

All the answers keep banging the same
drum telling us we’ve got to lower contact
ratio (g). But the fact that it keeps coming
up in all of these models is good news be-
cause it gives us one specific parameter that
we want to make as small as possible, and
this 1s the power of mathematical modeling,
because even in this work when we intro-
duced the spatial dependence into the SIR
model, we got different solutions, they now
look like traveling waves. But all of the
things we want to happen (a slower spread
of the disease, fewer people getting the dis-
ease) have the same thing in common, they
are all reduced by making the contact ratio
as small as possible.
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